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Abstract 

Following the deformed boson scheme leading to the su(l, l)-algebra, a certain 
simple boson system is deformed in the framework of the second Holstein-Primakoff 
representation. With the aid of the MYT boson mapping, the second representation 
arrives at the first Holstein-Primakoff representation. The su(l, l)-algebraic model 
obtained in this procedure is compared with that in the Schwinger representation in- 
vestigated by three of the present authors (A.K., Y.T. and M.Y.). 
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The g-deformation provides us an attractive concept for understanding many-boson sys- 
tems. However, if the quantity [x] q characterizing the deformation is restricted to the form 
(q x — q~ x )/(q — q~ x ), variation of the deformations is not so rich as expected. Concerning 
the choice of [x] q , Penson and Solomon stressed that the above form is nothing but one of 
the choices of the functions [x^.B* Recently, generalizing their viewpoint, the present au- 
thors proposed a possible method for the deformed boson scheme in the time-dependent 
variational method. Following this scheme, in Ref. [|), we formulated the su{2) q - and 
the su(l, l) g -algebras in the Holstein-Primakoff representation. Furthermore, in Ref. ||]), we 
gave two simple applications mainly related to the s«(2)-algebra. In this note, we present a 
simple application related to the su(l, l)-algebra, which enables us to describe the damped 
and the amplified oscillation in relation to thermal effects. 

Three of the present authors (A.K., Y.T. and M.Y.) investigated thermal effects appear- 
ing in various sw(2)-algebraic models. The basis of this investigation is the use of the 
su(l, l)-algebraic boson model based on the Schwinger representation and the time-evolution 
is treated by the time-dependent variational method. The prototypes of this investigation 
are found in several papers. The time-evolutions of many-body systems, for example, 
the squeezed state, including the states discussed in Refs. |]), |]) and |7p are reviewed by 
the present authors. & The aim of this note is to reinvestigate the same problem as that 
discussed in Refs. ^) and ^) in the frame of the su(l, l)-algebraic model in the Holstein- 
Primakoff representation, including some remarks on the results obtained in Ref. |5J) and the 
present paper. 

For the above-mentioned aim, we adopt a many-boson system consisting of two kinds of 
boson operators (c, c*) and (d, d*). The Hamiltonian which concerns us is given in the form 

H = H c + H d + H cd , (la) 

H c = ec*c , (lb) 

Hd = ujttd , (lc) 

H cd = -i X /2-{c*d-d*c) . (Id) 

Here, e, u and x denote real parameters. In associating with the form (lb), we note the 
following relation : 



c c 



2(1 + ... 



2 < 1 + « (2a) 



\| 1 + [c, c«] + 2C \j l + [c,c']+2C' 

Here, ( denotes a real parameter and, later, it is regarded as infinitesimal. In Ref.|3|), we 
used, in the present notation, 

c*c = c* . (2b) 

1 + [c, c*] v ; 
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Since [c, c*} = 1, the relation (2a) and (|2T5| ) are identical equations. 

Following the basic idea shown in the relation (30) of Ref. |3[), let the boson (c, c*) deform 
in the form 



7 = y/N/n -l c = (y/T^)- 1 yj N - uq c 



Y = c* ^/N/n - 1 = (V^) _1 c* " no 
N = c*c. 



(3) 



Here, n denotes a positive integer. The commutation relation of 7 and 7* is obtained in 
the form 

[7,7*] = 2iV/no-l. (4) 

The second Holstein-Primakoff representation of the su(l, l)-algebra, which was called by 
the present authors in Ref. §), is given as 



n ■ 7 



T. 



+ = V n o ■ 7 



f = (n /2) -[7, 7*] 



(5) 



We do not deform the boson (d,d*). Under the above scheme, we perform the deformation 
for the Hamiltonian (la), which is formally written as 



^(def) = ^(def) + ^(def) +# (def) 



(6) 



For the deformation of H c , the relation (2a) is useful. In the present case, the relation (2a) 
leads us to 



2(1 + 



^l + [7,7*]+2C 77 ^l + [7,7l+2C 



2(1 + 



[c*c- (no + 1)] 



N + C 



(7) 



As is clear from the relation (3), (N/n — 1) should be positive definite and, then, at the 
limit C -»• 0, (1 + ()N/{N + () -> 1. Thus, we have 



[c*c - (n + 1)] 



N + C 



c*c - (n + 1) • 



Then, H^ de{ ^ is written in the form 

£(def) = e6 * 6 _ + X y (g & ) 

As was already mentioned, we do not deform the boson (d, d*). Therefore, we have 



H. 



(def) 



ud*d 



H^ ei) = -i(x/2y/nd ' 1 & *^ N ~ n d - d*\jN - n c 



(9b) 
(9c) 



3 



The above is the present deformed Hamiltonian. The term, — e(no + 1), in H^ dei ^ plays a role 
of shifting the value of the energy and does not give any influence on the dynamics. 

It may be self-evident that the Hamiltonian (|6]) is treated in the orthogonal set 
{\n + l + n)) ; n = 0,1,2, • • •} : 



+ 1 +n» = (7k+1 + ™)!) 1 • (cT o+1+n |0» • (10) 



Clearly, concerning the boson number N (= c*c), the minimum value is (no + 1). Therefore, 
it may be convenient to describe the boson number in terms of the minimum value plus its 
fluctuation. For this aim, the idea of the MYT boson mapping!!* is available. The mapped 
space consists of the orthogonal set {\n) ; n = 0, 1, 2, • • •} : 



\ n ) = (Vn\)- L ■ (a*) n \0) . (d|0) = 0) (11) 

Of course, (a, a*) denotes the boson operator. Then, we define the mapping operator U in 
the form 

oo 

U= E \n)((n Q + l + n\ , (12a) 

n=0 

oo 

uw = \ n )( n \ = 1 > 

n=0 

oo no 

tf U= J2\n + l + n)){{no + l+n\ = l-^2\k)){{k\ . (12b) 

n=0 k=0 

The operator U presents us the relation 

U\n + 1 + n)> = |n) . (13) 
The operator c*c is mapped on the form 

Uc*cUi = n + 1 + N , N = a*a . (14) 
Further, for the set {T_, T + , T }, we have 



UT_W = T_, T_ = yn + 2 + Na 



UT + U^=T +J T + = a*\Jn Q + 2 + N , 

UT U^ = f 0j f = (n + 2)/2 + N . (15) 

It may be clear that the form (fl4] ) comes up to our expectation. The operator N describes 
the fluctuation. The set {T_,T + ,T } denotes the first Holstein-Primakoff representation of 
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the su(l, l)-algebra, in which the magnitude of the su(l, l)-spin is (no + 2)/2. This form 
was also discussed in Ref. |3|). Thus, the Hamiltonian mapped from the form (^j) can be 
expressed as follows : 

#(def) = £(def) + £(def) + £(drf) ^ (lga) 

= e (n + 1) + ea*a , (16b) 
H^ dci) = ojH , (16c) 
4 ( d ef) = -*(x/2>A»o) • [dVno + 2 + iV d - d*\Jn + 2 + N a] . (16d) 

For the Hamiltonian (16a), the following picture can be drawn : Let us imagine that 
the external environment, such as heat bath, is described by the boson (d, d*). The har- 
monic oscillation described by the boson (c, c*) may be damped or amplified in terms of 
the interaction to the external environment which is assumed to be extremely big system. 
Therefore, for the boson (d, d*), we can neglect the fluctuation around the equilibrium value. 
This means that (d,d*) can be replaced by the time-independent c-number (5,6*). It may 
be performed by calculating the expectation value of _£/~( def ) for the boson coherent state for 
(d,d*). The c-number (5,6*) can be expressed as 

5 = \5\ exp(-z0) , 5* = \5\ exp(+i0) . (17) 

Then, the boson (a, a*) is redefined in the form 

a — ► aexp(+i(f>) , a* — ► &*exp(— i<p) . (18) 



With the use of the relation ( |TTD and (|I8"D, the Hamiltonian (16a) can be modified in the 
following form : 

H = E + H + Hi , (19a) 
E = e(n + 1) + oo\5\ 2 , (19b) 
H = ea*a = -e(n + 2)/2 + ef , (19c) 



Hi = -i( V /2)-[ayn + 2 + N- \/n + 2 + N a] = -1(77/2) • (T+ , (19d) 
V = X\5\/V^- (19e) 



The Hamiltonian (19a) is essentially of the same form as that derived in nuclear sub- 
models in the Schwinger boson representation for the su(l, l)-algebra. & The Schwinger 
representation for the su(l, l)-algebra is given as 

fl s) = dl , f| s) = h*d* , f (s) = (bb* + d*d)/2 . (20) 
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Here, (a, a*) and (b, b*) denote boson operators. If (T_, T + , Tq) in the Hamiltonian (19a) is 
replaced with the form (pO]), it is reduced to the Hamiltonian derived in Ref. |j). Further, 



the time-evolution of the system described in terms of the Hamiltonian, which is essen- 
tially the same as that shown in the form (19a), was investigated in the framework of the 
time-dependent variational method. & The prototypes of these investigations can be found 
in several papers. i^'B* The time-evolution of many-body systems including the problems 
discussed in Refs. H) an d 0) are reviewed by the present authors. & 

As a trial state for the variation, in Ref. |^), the following wave packet was adopted : 

\c) = U- 1 exp(-\W\ 2 ) ■ exp[(V/U)fl s) }\m) , (21a) 
\m) = exp(V2W/U- b*)\0) . (a|0) = S|0) = , ((c|c) = 0) (21b) 

Here, U and V denote real and complex parameters, respectively, satisfying 

U 2 - \V\ 2 = 1 . (22) 

The quantity W is also complex and (2|H / | 2 + l)/2 plays a role of the magnitude of the 
su(l, l)-spin, such as (n + 2)/2. It should be noted that the state \m) obeys the condition 

f[ s) \m) = 0. (23) 

The wave packet (21a) is translated into the following form, \c), in the case of the Holstein- 
Primakoff representation for the su(l, l)-algebra : 



\c) = u - {no+2) ■ exp [(v /u) aVn + 2 + i\T]|0) . ((c|c) = 1) (24) 

Here, u and v denote real and complex parameters, respectively, obeying 

u 2 - \v\ 2 = 1 . (25) 

In the case of the Schwinger representation, there exist infinite possibilities for selecting the 
state \m) and, in Ref. |5j), the form (21b) was adopted. However, in the present case, the 
state obeying the condition (p3|) is uniquely given as \m) = |0). 

The time-dependence of v can be determined through the time-dependent variational 
method for the system under investigation. The state |c) is rewritten in the following form : 



c) = Y,cr n \n), (X> n | 2 = l) (26) 

n=0 ra=0 

r n = (v n /u no+2+n ) y/(no + l + n)\/n\(n + l)\ . (27) 
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V, V 



The state |n) is given in the relation fllTI). With the use of the canonicity condition 
can be parametrized in terms of the canonical variable (a, a*) in the boson type which obeys 
the Poisson bracket relation 

[a,a*] P = -i. (28) 

The parameter (v , v *) is given by 

v=(y^+2y 1 -a, v* = (V^T^y 1 ■ a* . (29) 
The expectation values of the operators composing the Hamiltonian (19a) are obtained as 



(c|T_|c) = (n + 2)uv = Jn + 2 + N a 



(c\f+\c) = {n + 2)uv* = a*^/n + 2 + N , 

(c\f Q \c) = (n + 2)/2 + (n + 2)\v\ 2 = (n + 2)/2 + N, (30) 
N = a*a . (31) 



We can see that, in the Poisson bracket relation (|28|), the expectation value (30) is classical 
counterpart of (T_, T + , T ). Under the above preparation, the Hamilton equation for the 
expectation value (c\H\c) as the classical Hamiltonian can be solved and the solutions are 
classified into the following three groups : 

1) e 2 > rf : the solution is expressed in terms of trigometric function for 



'e 2 -r] 2 t , (32a) 

2) e 2 = T] 2 : the solution is expressed in terms of quadratic function for 
et , (32b) 

3) e 2 < T] 2 : the solution is expressed in terms of hyperbolic function for 
7] 2 - e 2 t . (32c) 

The details are found in Refs. |) and g). 

In Ref. |5|), thermal effects observed in the su(l, l)-algebraic model were investigated. Of 
course, the basic idea comes from the prototype of the investigation. & The viewpoint was 
as follows : Presupposing that the wave packet (21a) expresses the statistically mixed state, 
the entropy can be introduced in the present system and, various quantities characterizing 
thermal effects can be calculated. In this paper, we borrow the above viewpoint. If we 
stand on this point, the quantity \cr n \ 2 appearing in the relations (26) and (27) denotes 
the statistically mixed weight for the pure state labeled by n. Then, the entropy a in the 
standard form is given as 

oo 

o = I ™! 2 ' lo s l°™l 2 • ( 33 ) 



n=0 



7 



Of course, \a n \ 2 is given as 

Kl 2 = [(M 2 )7(« 2 r +2+n ] • [(n + 1 + n)\/n\(n + 1)!] . (34) 

In principle, we can calculate the entropy directly by the form ([33|). However, it may be 
impossible to provide a systematic method for the calculation of the part of the logarithm. 
Then, we borrow the form presented by Tsallis0) as a tool for the calculation of the entropy 
(|33|). With the relation to the standard form (p3|), Tsallis' form is given as 



cr (<?) = ^2(\ a n\ 2 ) q — 11/(1 — g) . (q : possitive parameter) (35) 



\n=0 



a = limcr(g) . (36) 

For the calculation of a(q) in terms of the power series expansion for the parameter (no + 1), 
the following formula for (n + 1) is useful : 



[(n + 1 + n)!/n!(n + l)!] 9 = l + £ f k {n)/n\ ■ (n + l) fc . (n > 1) (37a) 

k=l 

Here, /^(n) obeys the recursion formula 

k n 

fk+i(n) = q £ (-)*»[*!/(* -my]- f k . m (n) £ r ' (m+1) • (/o(n) = 1) (37b) 

m=0 r=l 

For example, we have 



r~ 2 



/iW=9 E^l . / 2 (n) = g 2 £r~M -g £ 

\r=l / \r=l / \r=l / 

/a(n)=9 8 (f;r- 1 V-3( Z a (f;r- 1 ) (£>- 2 ) + 2q (£>- a ) . (37c) 
Straightforward calculation based on the formula ( |37a| ) leads us to the form 

oo 
n=0 

x |l + (n + l)q[(q - 1) \ogu 2 - log[( M 2 )« - (\v\ 2 y]} 
+(n + l) 2 /2 • q 2 [{q - 1) logu 2 - \og[{u 2 y - {\v\ 2 y\\ 2 
+(n + l) 2 /2 ■ q(q - 1) £[(M7« 2 )T -r- 2 + ■■■}. (38) 



r=l 



It is enough for obtaining the limit (36) to calculate [{u 2 ) q — (M 2 ) 9 ] 1 and log[(u") H — [\v\ 
up to the order of (q — 1) : 

[{u 2 Y - (M 2 ) 9 ]- 1 = 1 - (q- l)(u 2 logM 2 - |u| 2 ]og|v| 2 ) , 

\og[(u 2 ) q - (\v\ 2 ) q ] = (q-l)(u 2 \ogu 2 - M 2 logM 2 ) . (39) 
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Substituting the relation (39) into the form (38) and calculating the limit (36), we have the 
following form for the entropy : 



a = a + (no + 1) • °x + (no + l) 2 /2 ■ a 2 + - • • , (40a) 
a Q = u 2 ■ \ogu 2 — \v\ 2 ■ log \v | 2 , (40b) 
oi = \v\ 2 ■ \ogu 2 - \v\ 2 ■ log \v\ 2 , (40c) 

oo 

a 2 = -(H 2 ■ logu 2 - M 2 ■ log \v\ 2 ) - J2(\ v \ 2 / u2 T ■ r " 2 ■ ( 40d ) 

r=l 

The above is expressed in the frame of the quadratic for (no + 1). On the other hand, the 
entropy calculated in the wave packet (21a) is given in the form!) 

a& = <r« + (2\W\ 2 ) ■ a[ s) + (2\W\ 2 ) 2 /2 ■ a { 2 s) + ■■■ , (41a) 
= f/ 2 • logt/ 2 - |"^| 2 • log |V"| 2 , (41b) 
a[ s) = \V\ 2 ■ hgU 2 - \V\ 2 ■ log |Vf , (41c) 
4 s ) = -\V\ 2 /U 2 . (41d) 



The two wave packets (21a) and fl2"3|) are different from each other and we can see that 
the difference in the expression of the entropy appears in the third term. In Ref. [Sp, the 
third term was neglected under the expectation that this term may be small in a rather 
wide region of |V| 2 .!)>!) If this expectation is conserved in the present treatment, we can 
neglect the third term and the result is completely identical to that in Ref. |^). Thus, in the 
frame of the Holstein-Primakoff representation, we can reproduce the results obtained in the 
Schwinger representation. 

However, the term in the expression of the entropy (40a) can be neglected or not ? The 
region, in which the third term is neglected, seems to be not so wide as that expected in 
Ref. H). The impromptu idea for saving this situation is the use of the Pade approximation. 
In this case, the expression (40a) is modified in the form 

= O • [1 - (n + l)(0 2 /20i - 0i/0 O )][l - (n + l)(0 2 /20i)]- 1 . (42) 

The form ( ff2"D tells us the following : In the small region of (n + 1), the main part comes 
from O . On the other hand, in the large region, the main term appears in the form 
00 (1 — 20 2 /0o02) arid the term 2a\ja 2 may be of the same order. From the above sim- 
ple consideration, the form (H2) is expected to show rather stable behavior. Of course, for 
the calculation of the form (^), the explicit expression of the function f(x) = D^af • r~ 2 
is necessary, but, it is impossible to express it in terms of any elementary functions. A 
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possible approximate expression in the region < x < 1, which is not so popular, is given, 
for example, in the form 

m— 1 

f{x) [n 2 {n + + (m + l)[m 2 (2m + l)]^" 1 

71=1 

+(l-x)/x- log(l - a:) . (43a) 

Here, m denotes positive integer (m = 1, 2, 3, • ■ ■). If m is chosen as large, the approximation 
becomes better. In the case m = 4, we have 

f(x) ~ 1 + (1/2) ■ a; + (1/12) ■ s 2 + (1/36) • x 3 + (5/144) • x 4 

+(1 -x)/x -log(l - a:) . (43b) 

For example, we know the exact values /(1/2) = tt 2 /12 - (log2) 2 /2 (= 0.5822) and f(l) = 
7r 2 /6 (= 1.6449). The form (43b) gives us the approximate values /(1/2) ~ 0.5833 and 
/(l) ~ 1.6458. 

Finally, we give three remarks. First is related with the use of the state |c) shown in the 
relation (21a). For the present formalism, the use of the state (21a) is reasonable or not ? 
It should be discussed in relation to another form investigated by the present authors.© As 
the second remark, we should note that in the present treatment, it is impossible to describe 
the cases uq = and 1. It may be self-evident that the reason comes from the form (3). 
Third is as follows : The state |c) can be regarded as expressing the statistically mixed state 
or not ? In the case of the Schwinger representation, the degree of freedom characterizing 
the statistically mixed state is included in terms of the boson (a, a*) in addition to the degree 
of freedom for describing the physical object by the boson (b,b*). The present formalism 
does not contain such degree of freedom explicitly. Including such questions, we will contact 
with the problem discussed in this paper in more details. 
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